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ABSTRACT
This paper deals with the question of the optimal capital structure for a banking firm. It
considers a competitive bank as an insurer of unpredictable liquidity demanded by depositors in
the sense described by Diamond and Dybvig. The model developed in this paper is able to explain the stylized facts. It considers three key features of a bank: first, the demand deposit contract allows the depositor to run the bank if he believes that the bank’s solvency is insufficient.
Secondly, four financial states of the shareholders’ wealth are considered explicitly. Thirdly,
the maximization of the shareholders’ expected utility of pay-offs is constrained by the
(weakest) condition that the expected yield on equity exceeds the risk-free rate of interest (the
‘yield-on-equity constraint’). In the framework of our model, the unconstrained optima as considered in the existing banking literature imply, first, a high equity-to-debt ratio in the order of
magnitude of 0.88 to 1 as well as a loan-to-cash ratio of one. Secondly, the bank is not exposed
to any risk at all: it stays both solvent and liquid. When the ‘yield-on-equity constraint’ is taken
into account, the constrained optimum may not be contained in the set of unconstrained optima
if, for instance, the interest rate differential is small or if the volatility of changes in deposits is
large. Such a constrained optimum implies, first, a low equity-to-debt ratio in the order of
magnitude of 0.04 as well as a loan-to-cash ratio of one. Secondly, the bank is now exposed to
the risk of an insolvency or an illiquidity.
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1 Introduction
After the Modigliani and Miller [1958] proposition of the irrelevancy of the capital structure and the vast literature that has evolved thereafter in more than three decades, the task to
explain the optimal capital structure of a firm still remains a challenge. Both from a theoretical
and regulatory point of view, it is important to know which factors determine the capital structure of a banking firm.
The proposition of the irrelevancy of a firm’s capital structure seems to be immune to violations within the perfect market paradigm. Those factors discussed in the literature which are
able to overcome the irrelevancy theorem can be grouped in tax-related factors, bankruptcy
costs-related ones and in factors related to information costs (agency problem, signalling,
moral hazzard etc.). The literature, however, has relied too frankly on the trade-off between the
tax-shield (which favours debt financing) and expected bankruptcy costs (which favours equity
financing and hence limits the advantage of debt). The problem with taxes is that taxes may well
influence the optimal capital structure in the aggregate but still leave the individual firm indifferent to its leverage (Miller [1977] or Modigliani [1988]). Although bankruptcy is a widely used
argument against the irrelevancy theorem, it is not a very convincing one in the light of the argument of Haugen and Senbet [1978], who show that expected bankruptcy costs are limited to
the cost of a financial restructuring that prevents liquidation. These costs are small since they do
not include liquidation costs which are normally the biggest part of bankruptcy costs. On the
other hand, Haugen and Senbet conclude that the decision about liquidation should be made independently of the financial state of the firm. Rather, the firm should be liquidated only on
condition that its liquidation value is higher than its going concern value. Although the likelihood of financial distress does increase as leverage increases, costs of liquidation are not part of
the expected costs of financial distress, and therefore should not be considered in the decision
about the capital structure. Haugen and Senbet’s reasoning is consistent with Warner’s [1977]
empirical findings of low bankruptcy costs for railway companies.
With respect to the banking firm, the researcher finds himself in a even more uncomfortable situation, because not only the liability side of the balance sheet is subject to the irrelevancy
theorem but the asset side as well. Assets of a bank can be thought of as a financial portfolio
that can be replicated by any investor. Hence, the search for an optimal capital structure for a
bank should give a reason for the existence of a bank at the outset as was noted by Santomero
[1984, S. 593]. The relevant banking literature mainly relies on bankruptcy costs without
clearing up the compelling argument of Haugen and Senbet (see, e. g., Fama [1980], Talmor
[1980], Baltensperger [1980]). Furthermore, taxes have been used to derive an optimal capital
ratio as in Orgler and Taggart [1983], or market imperfections as in Pringle [1974]. The problem with the market-imperfection approach is that banks would disappear if, and when, these
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market imperfections disappear.1 Some of the literature treats deposits as a bank-specific product and bases the optimal capital structure on an implicit cost function for deposits (see, e. g.,
Fama [1985], Orgler and Taggart [1983], Baltensperger and Milde [1987]). These explanations
of the optimal capital structure, first, suffer from the specific assumptions on the curvature of
the cost function and, secondly, lack a discussion about the economic value of deposits. Some
of the literature is focused on a particular issue of the banking firm such as bank runs (see, e.
g., Jacklin and Bhattacharya [1988], Chari and Jagannathan [1988], or Gorton [1985]). The
rest of the capital-related literature is, to our knowledge, primarily concerned with the question
of regulation of equity.
The purpose of this paper is to explain the optimal capital structure for a competitive
banking firm.2 It considers the bank as an insurer of unpredictable liquidity demanded by depositors in the sense described by Diamond and Dybvig [1983]. To motivate the design of our
model presented in the next section, let us explain the nature of the demand deposit contract in
more details. As in Diamond and Dybvig [1987], banks sell liquidity insurance against unpredictable consumption demand of depositors more efficiently than a competitive claim market.3
We feel that there are two reasons why banks are more efficient than this market for claims.
Since a demand deposit can be interpreted as an American-type puttable bond with floating-rate
coupon and with a strike price equal to the face value, the pricing of these puttable bonds is
rather difficult.4 Moreover, transaction costs would be considerable.
Obviously, the economic value of a demand deposit is equal to the sum of the interest on
its holdings plus a risk premium for the insurance the depositor acquires against unpredictable
liquidity demand. This premium is paid implicitly by the depositor for the opportunity to withdraw any amount up to his holdings at face value any time.5 In macroeconomic terms the provision of liquidity insurance finds its equivalent expression in the difference between the monetary base and the next higher aggregate M1. The bank’s costs to issue deposits include, besides
interest payments, real factor costs such as wages, rents for buildings and equipment, safety devices, electronic data processing equipment etc.
The use of the deposit contract has the following four implications. First, if we view deposits as an instrument with which services are sold, deposits must not be considered as an
output only, but as an input as well like the assets of a non-banking firm. To recognize bank liabilities as a factor of production clearly violates the most crucial assumption of Modigliani and

1

However, it would be compelling to explain why such inefficiencies, if they gave rise to the existence of
banks, have prevailed for hundreds of years.
2 We do not think that the existence of a banking firm can be explained entirely by non-competitiveness.
3 For a discussion of the “sequential service constraint” in the Diamond and Dybvig [1983] model see for example russel [1993] and McCulloch and Yu [1993]. Further theoretical support for the use of demandable debt is
provided by Calomiris and Kahn [1991] and Lacker [1991].
4 Since there is no closed-form solution of the American-type puttable bond available, the pricing has to be
done numerically (see e. g. Büttler and Waldvogel [1996]).
5 We do not negate other deposit-related services such as free (or priced below costs) payment transactions, accounting services and so forth.
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Miller [1958], namely that investment decisions are made independently of financing decisions.
Hence, we propose a new multi-dimensional cost function in our model which treats deposits,
loans and cash balances as an output, while input prices (wages, rental price of capital etc.) are
assumed to be fixed. It underlies non-increasing economies of scale, the latter being in
accordance with a competitive firm.6
Secondly, the deposit contract promises a payment on demand at par as long as confidence is maintained. Confidence is based primarily on the solvency of the bank. If solvency becomes questionable, the payment to a depositor becomes contingent on his position in line
(sequential service constraint), and if he acts rationally, he should run the bank. This, in turn,
forces the bank into illiquidity. Hence, solvency and liquidity are interrelated. The stochastic
nature of deposits does not seem to be a danger to the soundness of a bank in the first place. In
a run, when confidence is lost, deposit withdrawals are no longer random: all the deposits are
withdrawn, if depositors are fully informed about the status of solvency. In other words, the
bank may be liquidated by depositors due to their loss of confidence, rather than by the owners
who base their decision on the ratio of the going concern value to the liquidation value of assets.
In our view, the expected cost of bankruptcy increase considerably with a higher leverage, in
contrast to Haugen and Senbet [1978].7 To account for this phenomenon in our model, we
consider both a depositor’s reaction function, which relates solvency with liquidity of the
banking firm, and four different financial states of the shareholders’ end-of-period wealth,
which emerge from the possible combinations of solvency/insolvency and liquidity/illiquidity of
the banking firm under consideration.
Thirdly, the level of information as regards the solvency of a bank is, therefore, crucial in
explaining the depositor’s behaviour. For this reason, we will introduce a parameter in our
model, denoted by α, which measures the degree of ‘informativeness’ of the depositors.
Fourthly, the management of a bank can influence the probability of a run by its decision
on the capital ratio, the riskiness of assets and cash balances. Hence, the capital structure of a
bank has an impact on the probability of both a financial crisis and a liquidation. In our model,
the joint probability density function for deposits and loans, both prevailing at the end of the
period under consideration, depends on the bank manager’s decicion on these two items at the
beginning of a model period.
In summary, our model considers three key features: first, the demand deposit contract allows the depositors to run the bank if they believe that the bank’s solvency is insufficient.
Secondly, four states of the owners’ end-of-period wealth are explicitly considered, namely
those states of wealth which emerge from the possible combinations of solvency/insolvency and
liquidity/illiquidity of a banking firm. These two key features are modelled by means of the
6

The cost function we propose exhibits both increasing and decreasing economies of scale. For the purpose of
our investigation, the range has been restricted to non-increasing economies of scale.
7 Higher bankruptcy costs for banks is in line with empirical findings of James [1991] who tested for bankruptcy costs of failed US banks.
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following building blocks: a depositors’ reaction function, the depositors’ degree of informativeness, four different financial states of the owners’ end-of-period wealth, a joint probability
density function for terminal deposits and terminal loans, and a multi-dimensional cost function
with non-increasing economies of scale. Thirdly, the optimization is subject to the (possibly
weakest) condition that the expected yield on equity exceeds the risk-free rate of interest. We
call this the ‘yield-on-equity constraint’ which was not yet considered in the existing literature.
The stochastic framework has been set and, in principle, opens up the way for practitioners to use it. The model is more realistic than the frictionless (no-constraints) model of Diamond
and Dybvig which it generalizes.
The paper is organized as follows. In the second section, we develop the model. The third
section presents the results of the numerical sensitivity analysis, followed by conclusions.

2 The Model
The model considered in this paper is, in principle, a one-period model for a negligably
small bank in a competitive market. Variables prevailing at the beginning of the period considered for the model, henceforth the ‘model period’, do not carry a superscript, while those prevailing at the end of the model period carry an asterisk (*); see the appendix A for a list of variables, functions and parameters. As an exception to be explained later, deposits are treated as if
there were two periods. At the beginning, the bank’s assets consist of cash balances (C) —
which may include reserves held with the central bank — and loans (L). The liabilities considered in this paper consist of deposits (D) and equity (E). Thus, the balance sheet equation reads
C + L = D + E at the beginning of the model period. To be more specific, L denotes the going
concern value of loans and E the market value of equity.
(L* )

^
D

1
0<α<1

α=0
1/

Lc

2

α=1
0

Lc

n*0 – n0
n0

L*

Figure 1: Reaction Function of Depositors

L*
Figure 2: Ex-post Probability of Illiquidity

During the model period, loans yield a return of r and deposits yield an explicit interest
rate of rd, both given exogeneously. The provision of liquidity insurance causes (real) factor
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costs to the bank in the amount of (L, D, C). We assume that the marginal cost of producing
one unit of loans is higher than that for deposits which, in turn, is higher than that for cash balances for equal loans, deposits and cash balances, that is, ∂ϕ/∂L > ∂ϕ/∂D > ∂ϕ/∂C > 0 for L =
D = C. The evolution of both deposits and loans during the model period is not under the control of the manager-owner of the bank: deposits may be withdrawn by depositors at random,
while the going concern value of loans may be re-assessed by the market. We assume, therefore, that deposits and loans, which prevail at the end of the model period, have a joint probability density function, ƒ(D^ , L *), where D^ denotes the intermediate deposit balances before
depositors react to the observed financial status of the bank in a second round. Since we wish to
focus on the optimal capital structure for a fixed total sum of assets (or liabilities) which is given
at the beginning of the model period, we do not consider a possible dependency of this
probability density function on loan or deposit activities of the bank. Rather, we assume that
this density function is a datum for the bank. It should have two properties: first, neither deposits nor loans may become negative, and secondly, the outcome at the end of the model peri^
od {D
, L*} should depend on the values which the management chooses at the beginning of the
model period {D, L}. A possible candidate is the joint log-normal probability density function
which we will consider in the numerical simulations.
In a second but infinitesimally small period of time, depositors are allowed to withdraw all
or part of their deposits after they have assessed the status of solvency of the bank under consideration. We assume that these withrawals of deposits have solely an impact on cash balances. Hence, neither the status of solvency nor any item of the profit and loss account change
after depositors have taken an action. This is a strong assumption as soon as we abandon the
assumption that the bank under consideration is negligably small, because the withdrawals of
deposits force the bank to liquidate its assets quickly which, in turn, induces the selling price,
most likely, to be lower than the going concern value. Since the true status of solvency of the
bank may not be perceived precisely, we assume that depositors withdraw their deposits according to the following reaction function:8
D * = D (L *), with (L *) ≡ 1 –

1
1 + L * Lc

arctanh(α)

, where 0 ⬉ α ⬉ 1 .

(2.1)

^
The final amount of deposits (D*) is a fraction (0 ⬉ (L*) ⬉ 1) of the intermediate deposits (D)
which have been realized before the depositors take an action (see Figure 1). The parameter α
(0 ⬉ α ⬉ 1) serves as a measure of the depositors’ information level regarding the solvency of
the bank (arctanh denotes the inverse hyperbolic tangent function). The regular case (0 < α < 1)
is shown as the solid ‘log-logistic’ curve in the figure 1. From the equation (2.1) emerge two
polar cases for α → 1 and α → 0. If depositors are fully informed α takes on the value of one;

8

Büttler and Schiltknecht [1983] use a similar approach in investigating monetary policy impacts on bank behaviour: in a one-period model, the probability density functions of loans and deposits changes in an implicit
second round whenever the monetary policy changed.
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this case is shown as the two dashed-dotted horizontal lines including the single point with coordinates (Lc, 1/2) in the figure 1. It tells you that the final deposits are equal to the intemediate
deposits if the assessed loans are higher than a critical loan level (Lc) to be explained later, or the
bank’s depositors withdraw all their deposits if loans are less than this critical loan level, or
equal to one-half the intermediate deposits if loans are (exactly) equal to the critical loan level
just mentioned. In the latter case, one-half of the bank’s depositors keep all their intermediate
deposits, while the other half withdraws all of its deposits. In the other polar case when α = 0,
depositors have no information at all. This case is depicted as the horizontal dotted line in the
figure 1. For all loan levels, one-half of the bank’s depositors keep all their intermediate deposits, while the other half withdraws all of its deposits.
Since the intermediate deposits and the final loans have the joint probability density func^
tion ƒ(D
, L*), so have the final deposits and loans a joint probability density function, ƒ*(D*,
L*), in terms of the original density function ƒ(·, ·):
ƒ * D *, L * =

1 ƒ D* , L *
 L*
 L*

if 0 < α < 1.

(2.2a)

The joint probability density function for the case of completely uninformed depositors is given
in the equation (2.2b) below
ƒ * D *, L * = 2 ƒ 2D *, L *

if α = 0,

(2.2b)

while that for the case of fully informed depositors is given in the next equation.
D =∞

ƒ * D * , L * = δ D * 1 –  L * – Lc
–δ D
+δ D

*

*

*

δ L – Lc
*

δ L – Lc

+ƒ D , L

*

*

ƒ D, L * dD

D =0
* =L

*

* =0
* =L c
* =0

D =∞

ƒ D,  * dD d *

D =0

(2.2c)

D=∞

ƒ D,

dD

d *

D=0

 L – Lc + δ L – Lc
*

*

*

* = L
 * = Lc

*

ƒ D * ,  * d * if α = 1.

Here, δ(·) denotes the Dirac delta function and (·) the Heaviside unit step function. The joint
probability density functions (2.2a) – (2.2c) are derived in the appendix B.
The accounting status of the bank is shown in the table 1. In the profit and loss account
for the model period, cash flows originate from interest payments and real factor costs. The
change in the value of loans (∆L) is assumed to have no impact on cash balances. In the balance
sheet prevailing at the end of the model period, both cash flows and changes in deposits during
the model period are reflected in the change of cash balances. Hence, we assume that changes in
deposits do not have an impact on loans. Recall, however, that final (or intermediate) deposits
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and loans prevailing at the end of the model period have a joint probability density function
^
(ƒ(D
, L*) or ƒ*(D*, L*), respectively). The change in equity reflects profits (P) or losses (–P)
during the model period.
Table 1: Accounting Status for the ‘Model Period’
Balance Sheet at the End of the Model Period
Assets
C * = C + r L – rd D

Liabilities
D* = D + ∆D

– (L, D, C) + ∆D
L* = L + ∆L
C* + L*

E* = E + ∆E = E + P
D* + E*

Profit and Loss Account for the Model Period
Expenditures
rd D

Earnings
r L

 (L, D, C)
P
rd D +  (L, D, C) + P

∆L
r L + ∆L

We assume that the manager is maximizing the owner’s utility of final wealth. The terminal value of equity becomes from the accounting identity:
E * = C * + L * – D * = L * – Lc ,

with Lc ≡ 1+rd D + ϕ L, D, C – r L – C .

(2.3)

By Lc we denote the critical level of the value of loans the bank needs at least to keep its solvency. After the reaction of depositors on which the management has no influence, the bank is
left with one of the four financial states described in the table 2.9 The bank is insolvent if the
terminal value of equity is negative, while it is illiquid if the terminal cash balances are negative.
Denote for a moment all the intermediate variables with a ‘hat’ (^), then the bank is insolvent if
^
^
E
= L^ + C^ – D
< 0. Given the depositors’ reaction in the second round as described before, this
*
implies E = L* + C * – D * < 0 which, in turn, means that L* < Lc (as shown in the equation
(2.3) above). The bank is illiquid if C * < 0 which implies D * < Lc. In summary, insolvency
implies L* < Lc and illiquidity implies D * < Lc.
Table 2: Pay-offs in the Four Financial States Considered
solvent and ...
... liquid (s=1)
... illiquid (s=2)
(a)

[As]α=1
[A s]α =0

E*
E*

max [E* – S, 0]
0 (b)

As

E*

max [α (E *–S), 0]

insolvent and ...
... liquid (s=3)
(c)

0
max [r L – rd D – ϕ(L, D, C), 0]

(d)

max [(1 – α ) {r L – rd D – ϕ (L, D, C)}, 0]

... illiquid (s=4)
(c)

0
0

(c)

0

Notes for Table 2 :
a Liquidity can be restored in the interbank market due to solvency. S denotes penalty cost.
b The banking firm goes bankrupt because the going concern value of loans is assumed to be higher than the
value in liquidiation.
c The banking firm is assumed to become liquidated.
d The manager-owner pays dividends out of cash flows.

9

Note that each of the four states described in the Table 1 could be complemented with two additional states
which distinguish between the liquidation and the continuation of the bank. Such a distinction, however, makes
only sense if the value in liquidation can be determined endogeneously, a task which is beyond our paper. We
neglect, therefore, these additional states of the bank.
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In the table 2, the pay-off As for one of the four financial states (s = 1, …, 4) which will
be received by the owners at the end of the model period is assumed to be a linear combination
of those two pay-offs which prevail if the depositors are either fully informed (α = 1) or completely uninformed (α = 0):
A s = α A s + 1– α A s
for s = 1, …, 4.
α =1
α =0

(2.4)

Observe that only the pay-offs in the first two states are random variables. They depend on the
random value of equity prevailing at the end of the model period which, in turn, depends on the
random value of loans prevailing at the end of the model period, that is, A s = A s(E * ) =
As(E*(L*)). Let us comment briefly on the four financial states considered in the table 2. First,
if the bank is both solvent and liquid at the end of the model period, then the pay-off is equal to
the value of the equity in any case (s = 1 and any α). Secondly, the illiquid but solvent bank
can restore its liquidity in the interbank market (or with the help of the central bank in question)
at a higher interest rate than the prevailing market rates conditional on the fact that depositors
know (with certainty) that their bank is solvent (see the case (a) in the table 2). Hence, the bank
faces penalty cost S assumed to be fixed in our model. If depositors are completely uninformed,
then the pay-off depends on the value of the loans in liquidation, denoted by L*:
A2 α = 0 =

E * if L* > D * ,
0
if L* ⬉ D * .

(2.5)

We assume that the going concern value of loans is considerably higher than the value in liquidation, hence L* ⬉ D* or [A2]α=0 = 0 (see the case (b) in the table 2). Another argument to support this assumption is that illiquidity is, from the point of view of the non-informed depositor,
a sign of insolvency which may lead him to run the bank. In this case all loans need be liquidated at a great pace. Thirdly, if the bank is insolvent irrespective of its status of liquidity, the
pay-off is, in principle, zero (see the three cases (c) in the table 2). Fourthly, if the bank is insolvent but liquid, it is conceivable, however, that the manager-owner has the opportunity to
redistribute wealth from depositors to himself by paying dividends out of cash flows if the
bank’s depositors are completely uninformed about the financial status (see the case (d) in the
table 2). Due to the reaction function (·) the probability of the third state is very small if depositors are completely informed (s = 3 and α = 1).
The goal of the risk-averse manager-owner is to maximize the expected utility received
from the end-of-period value of his residual claim on the value of the firm given by the pay-offs
As in the four states:
4

max

 A =

{C, L, D, E}

s. t. (1) C, L, D, E ⭌ 0, (2) 

max
{C, L, D, E}

∑A
s

s=1

s

L*

,
(2.6)

*

A s(E )
– 1 ⭌ rf > rd, (3) C + L = D + E = 1, (4) Lc ⭌ 0,
E
The Econometrics Journal, Vol. 2, No. 2, 1999, 268 – 291

The Optimal Capital Structure of a Liquidity-insuring Bank

9

with the meaning that  denotes the expectation operator and  the concave utility function.
When we deal with risk-neutral owners, the marginal utility (of the then linear utility function)
is set equal to one, that is, ′(·) = 1 without loss of generality. The maximization of the expected utility of the four pay-offs considered in our model is subject to four constraints given in the
equation (2.6) above. First, all the four instruments chosen by the manager-owner, i. e., the
cash balances, the loan level, the deposit accounts, and the equity proportion should be nonnegative. Secondly, an investor can become either a depositor or an owner of the bank by assumption (but not both). Following Arrow [1971], the expected rate of return on equity should
exceed the risk-free interest rate, denoted as r f, if the owner of the bank is risk averse.
Furthermore, since the demand deposit contract provides a risk-averse depositor with a liquidity
insurance, the risk-free interest rate should exceed the rate of interest on sight deposits by the
amount of the risk premium at least. In summary, this gives rise to the second constraint
{As(E*) / E – 1} ⭌ rf > rd, henceforth the ‘yield-on-equity constraint’. In our view, this is the
weakest condition one can impose on the yield on equity.10 There is yet another way of looking
at the ‘yield-on-equity constraint’. In a principal-agent problem, the principal may not know
much about the probabilities of solvency because of the information costs, but is able to observe
the ‘yield-on-equity constraint’, and will base his decisions mainly on such ratios. This is not
far in spirit from the ‘degree of informativeness’ which we introduced in the model by the
parameter ␣.11 Thirdly, the balance sheet identity should hold. Since we are interested in the
substitution effects between both assets or between both liabilities, we restrict the total balances
of our bank to be one unit. Fourthly, the manager of the bank could, in principle, choose a
negative critical loan level. However, this does not improve the expected pay-offs because the
random values of both deposits and loans cannot become negative at the end of the model period.
The manager’s objective function (2.6) can be written more explicitly with the help of the
joint probability density function for the final deposits and loans. Recalling that the terminal
value of loans and the terminal value of deposits each must be greater than the critical loan level
in order that the bank is both solvent and liquid, the expected utility of the terminal pay-offs can
be written as

1 0 Two more elaborated extensions of the ‘yield-on-equity constraint’ are conceivable at least. In the first one,
the shareholder of the bank considered is also allowed to hold public debt as well as common shares of non-bank
firms. The expected yield on equity of the banking firm in question which would arise in a general equilibrium
framework should be the lower limit for the optimization given in the equation (2.6). This general equilibrium
approach, however, is beyond the scope of this paper. In a second extension, the expected rate of return on the
bank’s assets is the weighted sum of the expected rates of return on the two liabilities of the bank considered, the
weights being the ratios of the respective liabilities to the total balance sheet. If one assumes that the Capital
Asset Pricing Model (CAPM) holds, the expected rate of return on the bank’s assets can be substituted by the
well-known CAPM relationship in terms of the beta-risk measure and the expected rate of return on the market
portfolio. Taking these two relationships together, the expected rate of return on equity in the capital asset pricing framework becomes a function of the beta-risk measure, the expected rate of return on the market portfolio,
the risk-free interest rate and the debt-to-equity ratio. This ‘CAPM yield-on-equity constraint’, however, does not
change the pattern of the optima as explained in the third section of this paper.
1 1 I am indebted to Karim Abadir for pointing this out to me.
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*

 A =

L =∞
*

L = Lc
*

L =∞

+

*

L = Lc

*

D =∞
*

D = Lc

 A 1 ƒ * D * , L * dD *dL *

(state 1)

 A 2 ƒ * D * , L * dD *dL *

(state 2)

*

D = Lc
*

D =0
*

+  A3

*

ƒ

*

L =0

*

*

D ,L

*

*

dD dL

*

(state 3)

D = Lc
*

L = Lc

+  A4 = 0

(2.7)

*

D =∞

L = Lc

*

L =0

*

D = Lc
*

ƒ * D * , L * dD *dL *

(state 4).

D =0

Although we may use a transformed version of the equation (2.7) to derive the necessery conditions for an optimal capital structure, the above equation is used in all the numerical simulations to be explained in the next section.
To make clear the role of the depositor’s reaction function, note that the probability of a
bank insolvency is the same at the intermediate point in time (‘ex-ante’ probability) as well as at
the end of the model period (‘ex-post’ probability). What changes is the probability of an illiquid status as given below.
D = Lc

n0 =

D=0
*

L =∞

n*
0

=

*

L =0

*

L =∞
*

ƒ D, L * dD dL *

L =0
x = Lc  L *

ƒ x, L

x=0

*

*
dx dL > n0, with x = D
 L*

(2.8)

*

The ‘ex-ante’ probalility of illiquidity (n0) is shown in the first line and the ‘ex-post’ probability
(n0*) in the second line. The redistribution of probability mass from the liquid state to the illiquid
state is due to the reaction function (L*). This relationship is depicted in the figure 2, which
shows the corresponding areas of integration.

3 A Numerical Sensitivity Analysis
In the appendix C, we show that the first-order optimality conditions form a non-linear
equation system involving two-dimensional integrals. This equation system is not tractable analytically. Although our model is simple, only a numerical sensitivity analysis can unveil the optimal equity-to-debt ratio. In the sequel, we describe the various functions to be used for the
numerical sensitivity analysis, and then we present the results along with an intuitive explanation of the optimal equity-to-debt ratio. The basic set of parameter values is listed in the appendix A. The numerical procedure to evaluate the two-dimensional integrals of the equation
(2.7) is described in the appendix D.
Consider the joint probability density function of the intermediate deposits and the final
loans to be the bivariate log-normal density function:
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ƒ D, L * =
x, y, ρ =

1
D L * σ dσ 
1
2π

1 – ρ2

ln L * – ln L + µ 
ln D – ln D + µ d
,
, ρ , where
σd
σ
x2 – 2ρ x y + y2
exp – 1
.
2
1 – ρ2

11

(3.1)

The coefficient of correlation is assumed to range between zero and one (0 ⬉ ρ < 1). Both in^
termediate deposits and terminal loans (D
, L*) are non-negative. Observe that the mean values
depend on the deposits and loans (D, L) which have been chosen by the manager at the beginning of the model period. See also the comments for µd and µ in the appendix A.
Consider the following multi-dimensional cost function (ϕ) for the n outputs x1, x2, …,
xn, given fixed input prices which are thus deleted:

ϕ x = δ + κ arctanh ξ , where ξ ≡ θ1 x  + θ 2, x = x 1, x2, …, xn ,
x  = β x + β x + … + β x
m
1 1

m
2 2

m
n n

1

m

(3.2)

, 0 ⬉ a ⬉ xi ⬉ b < ∞ , 0 < βi (∀i); 0 < m .

This cost function is a linear transformation of the inverse hyperbolic tangent function (arctanh)
which is concave in the domain –1 ⬉ ξ ⬉ 0, but convex in the domain 0 ⬉ ξ ⬉ +1. The parameter δ which shifts the arctanh function vertically up or down is used to set the cost function
equal to zero for a zero output, while the parameter κ stretches the arctanh function. By assumption, each output (xi) lies in the finite and positive range [a, b] which is fixed. The onedimensional output, ξ, is a linear transformation of a weighted-sum norm of the n-dimensional
output x. The exponent m may be any positive real number; the value of one is the borderline
between concave and convex iso-cost curves. Because we wish to avoid unbounded costs, the
two parameters θ1 and θ2 are set in such a way that the output range [a, b] maps, in general,
into the truncated domain [–(1 – ε), 1 – ε] of the arctanh function, where ε may be any positive
real number less than one; it may be suitable for most problems at hand that ε is in the order of
magnitude of 0.01. The positive parameters βi determine the magnitude of the marginal costs
because
1–m

∂ϕ x
κ θ 1 βi xim – 1 x 
=
.
2
∂xi
1 – θ 1 x  + θ 2

(3.3)

Notice that the marginal costs depend on all the outputs under consideration. Let the first output
be the value of loans, the second output be the value of deposits, and the third output be the
cash balances, that is, x1 = L, x2 = D, x3 = C. Since we assume that the marginal cost of producing one unit of loans is higher than the one for deposits which, in turn, is higher than that
for cash balances, that is, ∂ϕ/∂L > ∂ϕ/∂D > ∂ϕ/∂C > 0 for L = D = C, we must have β1 > β2 >
β 3.
Consider now the cost function of the competitive banking firm explicitly. By assumption,
the three outputs (loans L, deposits D, and cash balances C) lie between zero and one, that is, a
= 0 and b = 1. Therefore, the cost function (3.2) may be written as:
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ϕ L, D, C = δ + κ arctanh θ 1 β 1L m + β2D m + β3C m

1

m

+ θ2 .

(3.4a)

In order to obtain a convex cost function on its whole domain, we map the range of [a, b] into
[0, 1 – ε ], that is, we set 0 = θ 1 [β 1 + β 2 + β 3] 1/m a + θ 2 and 1 – ε = θ 1 [β 1 + β 2 + β 3] 1/m b +
θ2, which implies

θ1 =

1–ε

β 1 + β2 + β3

1

m

, θ2 = 0 , δ = 0 .

(3.4b)

Observe that δ has been obtained from the assumption that ϕ(0, 0, 0) = 0. With these specifications, the cost function (3.4) underlies decreasing economies of scale throughout its domain.
An illustration is given for the output vector x = (L, D, 1 – L) in the figure 3.
Consider next the hyperbolic absolute risk-aversion (HARA) utility function (see e. g.
Merton [1971])
A =

γ
λA
1 – γ λA
+
η
, with γ ≠ 1, λ > 0,
+ η > 0, η = 1 if γ = –∞ .
γ 1–γ
1–γ

(3.5)

Here A denotes the end-of-period value of wealth, or in our application the different pay-offs.
To quote from Merton, “this family of HARA utility functions is rich, in the sense that by suitable adjustment of the parameters, one can have a utility function with absolute or relative risk
aversion increasing, decreasing, or constant.” Following Arrow [1971, chapter 3], we assume
that, first, the absolute risk aversion (– ″(A) / ′(A)) decreases with increasing wealth and,
secondly, the relative risk aversion (– ″(A) A / ′(A)) increases with increasing wealth, that
is,
d – ″ A
dA
′ A

–1
< 0 for –∞ < γ < 1
A
η 2
1–γ
+
1–γ λ
η
d – ″ A A =
λ
> 0 for η > 0 and –∞ ⬉ γ ⬉ +∞, γ ≠ 1 .
dA
′ A
A
η 2
+
1–γ λ
=

(3.6)

Moreover, Arrow has shown that the relative risk aversion should be in the order of magnitude
of one. An illustration of the HARA utility function for the basic set of parameter values is
given in the figure 4. The utility function is shown as the monotonically increasing, bold-faced
curve, the absolute risk aversion as the monotonically decreasing, solid curve, and the relative
risk aversion as the mononotically increasing, dotted curve.
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Figure 3: Iso-cost Curves of Function (3.4)
for Basic Set of Parameter Values
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Figure 4: HARA Utility Function (3.5),
Absolute and Relative Risk Aversion (3.6)

The numerical sensitivity analysis can be summarized as follows. Assume for a moment
that the manager is risk-neutral, that is, he maximizes the expected pay-offs as given in the
equation (C.1). Furthermore, assume that this maximization does not underlie the ‘yield-onequity constraint’. Under these two assumptions just mentioned, the expected pay-offs become
the greatest if the manager chooses loans and deposits in such a way that the bank stays both
solvent and liquid. The bank stays both solvent and liquid, that is, it enters the first financial
state considered in the table 2, if the critical level of loans, as given by the equation (2.3), is less
than or equal to zero as shown by the shaded region 0ABC0 in the figure 5a. Within this
region, the expected pay-offs are equal to the expected value of the terminal value of loans, that
is, {As(E*)} = {E*} = {L*} – Lc = {L*} by the equation (2.3). Furthermore, the expected value of the terminal value of loans is equal to the value of loans the manager chooses at the
beginning of the model period because we have assumed that the balance sheet does not grow,
that is, {L*} = L (see also the comments for µ d and µ  in the appendix A). Therefore, the
greatest expected pay-offs in the first financial state occur when the beginning-of-period value
of loans is equal to one. Hence, the unconstrained optima occur along the horizontal line between point A and point B in the figure 5a, where the manager chooses to hold no cash and a
high equity-to-debt ratio in the order of magnitude of 0.88 to 1. To our knowledge, the ‘yieldon-equity constraint’ is not considered in the existing banking literature; hence, the unconstrained optima as shown in the figure 5a would be the outcome of the known banking models.
It is clear from the monotone transformation of the utility function that the unconstrained
optima as described by the equation (2.7) still occur along the horizontal line AB in the figure
5a. It follows that these unconstrained optima cannot explain the low equity-to-debt ratios of
banks observed nowadays. Taking the existing banking literature at face value, the manager
chooses assets and liabilities in such a way that the bank is never exposed to any risk of failure,
that is, the bank becomes neither insolvent nor illiquid.
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0.6
L

O1

B
A

0.8

Feasible Region

1

0.4

Lc < 0

0.2
0

0

C

1

D

Figure 5a: Constrained Optima for
Basic Set of Parameter Values
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Figure 5b: Two Feasible Regions for
Basic Set except r = 0.1
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Figure 5c: Two Feasible Regions for
Basic Set except r = 0.12

Figure 5d: One Feasible Region for
Basic Set except r = 0.15

However, the numerical sensitivity analysis reveals that the unconstrained optima may not
be feasible. For the basic set of parameter values considered, the feasible region, as given by
the ‘yield-on-equity constraint’ in the equation (2.7), is shown as the shaded rectangle in the
figure 5a. It is conceivable that the optimum occurs either at the point O1, which prevails in
most cases studied for this paper, or at the point O2. Hence, the constrained optimum O1 is in
accordance with the empirical facts, namely, a low equity-to-debt ratio and a high loan-to-cash
ratio. In fact, the latter ratio is equal to one in most circumstances. Given the fact that cash balances do not bear any interest in the model considered for this paper, this is not surprising at all.
How does the feasible region change as the parameter values change? The figures 5b
trough 5d demonstrate the modification of the feasible region if the rate of interest on loans increases from 8% to 15%, all the other parameters remaining fixed. Observe that the constrained
optima which emerge from the figures 5b through 5d are equal to the unconstrained optimum as
shown in the figure 5a, because any point off the region where the critical level of loans is less
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than or equal to zero has a lower expected pay-off than any point within this region. This is due
to the fact that the pay-off in the first financial state is always greater than in all the other three
financial states. We conclude from the numerical analysis that the larger the interest rate differential between assets (loans) and liabilities (deposits), the more likely is an unconstrained optimum as given by the point B in the figure 5a.
Hence, the model is able to explain some stylized facts about the historical evolution of
banks. Typically, those banks which have been founded in the nineteenth century started with a
high equity-to-debt ratio as well as a high interest-rate differential. In terms of our model, the
high equity-to-debt ratio is, from the point of view of depositors, a signal for an unconstrained
optimum which, in turn, means that the bank cannot become insolvent nor illiquid (see the figure 5d). By this strategy, the banks were able to build up a reputation. As the competition increased, the interest-rate differential became smaller; hence, the feasible regions fell apart (see
the figures 5b & c). Finally, a low equity-to-debt ratio emerges along with a risk to fail (see the
constrained optimum O1 in the figure 5a). From another point of view, the reputation which
was built up by the banks in a first historical period may helped them to undergo the exposure
to insolvency risk or illiquidity risk.

4 Conclusions
In the framework of our model, the unconstrained optima as considered in the existing
banking literature imply, first, a high equity-to-debt ratio in the order of magnitude of 0.88 to 1
as well as a loan-to-cash ratio of one. Secondly, the bank is not exposed to any risk at all: it
stays both solvent and liquid.
When the ‘yield-on-equity constraint’ is taken into account, the constrained optimum may
not be contained in the set of unconstrained optima if, for instance, the interest rate differential
is small or if the volatility of changes in deposits is large. Such a constrained optimum implies,
first, a low equity-to-debt ratio in the order of magnitude of 0.04 as well as a loan-to-cash ratio
of one. Secondly, the bank is now exposed to the risk of an insolvency or an illiquidity.
The stochastic framework has been set and, in principle, opens up the way for practitioners to use it. The model is more realistic than the frictionless (no-constraints) model of Diamond
and Dybvig which it generalizes.
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Appendix A: List of Parameters, Variables, and Functions
The values given in square brackets are those of the basic set.

Roman Letters
As
Pay-offs in the four financial states considered, s = 1, …, 4.
C
Initial level of cash balances. By assumption, cash balances do not bear any interest.
*
C
Cash balances at the end of the period.
D
Initial level of deposits.
^
D
Intermediate level of deposits before depositors react.
D*
Amount of deposits at the end of the period after the reaction of depositors.
E
Initial level of market value of equity.
E*
Market value of equity at the end of the period.
ƒ(·, ·)
Joint probability density function for intermediate deposits and final loans. A bivariate log-normal density function is used for the simulations.
*
ƒ (·, ·) Joint probability density function for final deposits and final loans derived from
ƒ(·, ·) and the depositors’ reaction function.
L
Initial level of the going concern value of loans.
L*
Value of loans at the end of the period.
Lc
Critical or threshold value of loans. The bank is solvent if its level of loans exceeds
this critical value.
*
L
Value of loans in liquidation.
m
Degree of norm used for the cost function (·, ·, ·). [2].
P
Profit.
rd
Rate of interest on sight deposits. [0.04].
rf
Risk-free interest rate. [0.06].
r
Rate of interest on loans. [0.08].
S
Penalty cost for illiquid but solvent bank. [0.16].

Greek Letters
α
Level of information of depositors. [0.9].
βi
Weights of norm used for the cost function (·, ·, ·), i = 1, …, n. The weights determine the marginal costs with respect to each of several outputs. [1, 0.5, 0.1].
δ (·)
DIRAC delta function.
δ
Shift parameter of the cost function (·, ·, ·).
ε
Parameter of the cost function (·, ·, ·). [0.01].
γ
Parameter of the HARA utility function. [0.5].
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λ
Parameter of the HARA utility function. [3].
 (·, ·, ·) Cost function. An arctanh function with decreasing economies of scale is used for the
simulations.
η
Parameter of the HARA utility function. [0.1].
κ
Stretching parameter of the cost function (·, ·, ·). [0.02].
^
µd
Mean of the logarithm of the deposit rate, ln(D
/ D). Given the geometric Brownian
^ ^
^
motion dD / D = µd dt + σd dz with time t and Wiener process z, no growth implies
^
^
2
2
that µ
d = 0 and µd ≡ µd – σd / 2 = – σd / 2.
µ
Mean of the logarithm of the loan rate, ln(L* / L). Given the geometric Brownian
motion dL* / L* = µ^  dt + σ dζ with time t and Wiener process ζ, no growth implies
^
^
2
2
that µ
 = 0 and µ ≡ µ – σ  / 2 = – σ  / 2. The two Wiener processes, z and ζ , are
correlated with coefficient ρ.
π
Circle ratio. π = 3.14159…
ρ
Coefficient of correlation between rates of return on deposits and rates of return on
loans. [0].
σd
Variance of rates of return on deposits. [0.3].
σ
Variance of rates of return on loans. [0.2].
θi
Parameters of the cost function (·, ·, ·), i = 1, 2.
ξ
Auxiliary Variable of the cost function (·, ·, ·).
Special

(·, ·, ·)
(·)
(·)
x


Symbols
Expectation operator.
Auxiliary function for the bivariate log-normal density function.
Reaction function of depositors according to assessment of solvency.
Heaviside unit step function.
Norm defined as [β1 xm1 + β2 xm2 + … + βn xmn] 1/m with x = (x 1, x 2, …, x n). It is used
for the multi-dimensional cost function (·, ·, ·).
Concave utility function. A HARA utility function is used for the simulations.
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Appendix B: Derivation of the Terminal Joint Probability Density Function
In this appendix, we derive the joint probability density function for final deposits and final loans, ƒ*(·, ·), from the joint probability density function for intermediate deposits and final
loans, ƒ(·, ·), and the depositors’ reaction function, (·). First, we consider the regular case for
the level of informativeness, that is, 0 < α < 1. Recalling that the final deposits are given by D*
= D^ (L*) and recalling that the inverse of (·) exists, the joint probability function for final
deposits and final loans, F*(·, ·), can be written as:
*

F * D * , L * = Prob d * ⬉ D * ,  * ⬉ L * = Prob d ⬉ D   * ,  * ⬉ L *
* = L

=

*

d= D

*

 *

ƒ d,

* = 0

*

dd

d *

(B.1)

.

d= 0

The joint probability density function for final deposits and final loans, ƒ*(·, ·), is the partial
derivative with respect to both random variables, i. e.,
ƒ * D *, L * =

2
∂ F * D *, L *

1

=

∂L * ∂D *

D* , L * .
L*

ƒ

L*

(B.2)

This is the equation (2.2a) in the text. Next, consider the case when the depositor is completely
uninformed, that is, α = 0. The joint probability function for final deposits and final loans,
F*(·, ·), can be written now as
F * D * , L * = Prob d * ⬉ D * ,  * ⬉ L * = Prob d ⬉ 2D * ,  * ⬉ L *
* = L

=

*

* = 0

d = 2D

(B.3)

*

ƒ d,

*

dd

d *

,

d= 0

because (·) = 1/2 for any value of loans. Differentiation of the equation (B.3) with respect to
both random variables yields the equation (2.2b) in the text. Finally, consider the case when the
depositor is completely informed, that is, α = 1. The joint probability function for final deposits
and final loans, F*(·, ·), can be written now as
*

*

F D ,L

*

* = L

=  D – 0 1 –  L – Lc
*

*

+  D * – 0  L * – Lc
+  L – Lc
*

* = L
 * = Lc

*

* = 0

* = Lc
* = 0

d= D

*

d= ∞

d= ∞

ƒ d,  * dd d *

d= 0

ƒ d,  * dd d *

d= 0

*

ƒ d,  * dd d * .
d= 0
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The heaviside unit step function (x – ξ) is defined to be zero if x < ξ, but defined to be one
otherwise. The first term in the equation (B.4) applies if L* < Lc, the remaining two terms if Lc
⬉ L*. The second term represents the probability mass concentrated along the L* axis due to the
first segment of the reaction function (see the figure 1). Recalling that the Dirac delta function is
the derivative of the heaviside unit step function, differentiation of the equation (B.4) with
respect to both random variables yields the equation (2.2c) in the text.
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Appendix C: The Optimality Conditions
In this appendix, we wish to demonstrate that the first-order optimality conditions are not
tractable analytically even for the simplest case of a risk-neutral owner. Using the original probability density function, the objective function (2.7) can be transformed into the equation (C.1).
*

L =∞

A =

D=∞

*

D = Lc  L *

L =L c
*

L =∞

– Lc

*

L = Lc
*

+α

L =∞
*

L = Lc

L * ƒ D, L * dD dL *

➀

ƒ D, L * dD dL *

➁

D=∞
D =Lc  L *
D = Lc  L *

*

– α Lc + S

L * ƒ D, L * dD dL *

D = Lc  L *

L =∞
*

L = Lc

ƒ D, L * dD dL *

L = Lc

·

*

L =0
*

L = Lc

+0·

*

L =0

➃

(C.1)

D=0

+ 1 – α r L – rdD – ϕ L, D, D+ E –L
*

➂

D=0

➄

D =∞
D = Lc  L *

ƒ D, L * dD dL *

D = Lc  L *

ƒ D, L * dD dL *

D=0

Here, we extend Leibniz’ rule to a two-dimensional integral to be applied to the objective
function above. Consider a two-dimensional integral with limits of integration which are dependent on a parameter ξ as follows:

ψ≡

y = d(ξ)
y = c(ξ)

x = b(y; ξ)
x = a(y; ξ)

ƒ x, y; ξ dx dy .

(C.2)

Observe that the region of integration is also bended in the y direction. The first derivative of
this integral with respect to the parameter ξ is given by the extended Leibniz rule as follows
∂ψ
=
∂ξ

y = d(ξ)
y = c(ξ)
y = d(ξ)

+

+

y = c(ξ)

∂d(ξ)
∂ξ

x = b(y; ξ)
x = a(y; ξ)

∂ƒ x, y; ξ
dx dy
∂ξ

∂b(y; ξ)
ƒ b(y; ξ), y; ξ dy –
∂ξ
x = b(y; ξ)
x = a(y; ξ)

ƒ x, d(ξ); ξ dx –

y = d(ξ)
y = c(ξ)

∂c(ξ)
∂ξ

∂a(y; ξ)
ƒ a(y; ξ), y; ξ dy
∂ξ

x = b(y; ξ)
x = a(y; ξ)

(C.3)

ƒ x, c(ξ); ξ dx .

The objective function is broken down into the five terms indicated by the numbers ➀ –
➄ in the equation (C.1) above due to its length. The first-order conditions for a maximum of
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the expected final pay-offs are shown in the following equations for the dummy variable ξ ∈
{L, D, E} given the fact that cash balances have been substituted from the balance sheet constraint at the beginning of the model period. The partial derivative of the first term is given by:
*

L =∞

∂➀
=
∂ξ

D =∞

*

D = L c  L*

L = Lc
*

L =∞

–

L*

∂
∂L
ƒ D, L * dD dL * – c
∂ξ
∂ξ

D =∞
D =L c  Lc

Lc ƒ D, Lc dD
(C.4)

∂ Lc
Lc
L*ƒ
, L * dL *
*
∂ξ  L*
L

*

L =L c

The partial derivative of the second term is given by:
*

L =∞

∂➁
∂L
=– c
∂ξ
∂ξ

D =∞

*

D =L c

L =L c
*

L =∞

– Lc

L

D =∞

*

D =L c

L =L c
*

L =∞

–

ƒ D, L * dD dL *
*

L

*

∂
ƒ D, L * dD dL *
∂ξ

(C.5)

∂ Lc
Lc
∂L
ƒ
, L * dL * – c
*
∂ξ  L *
∂ξ
 L

*

L =L c

D =∞
D =L c  Lc

ƒ D, Lc dD

The partial derivative of the third term is given by:
*

*

L =L c
*

L =∞

+

D = L c  L*

L =∞

∂➂
=α
∂ξ

L*

D =0

∂
ƒ D, L * dD dL *
∂ξ

∂ Lc
Lc
∂L
L*ƒ
, L * dL * – c
∂ξ  L*
∂ξ
 L*

*

L =L c

(C.6)

D =L c  Lc

Lc ƒ D, Lc dD

D =0

The partial derivative of the fourth term is given by:
∂➃
∂Lc
=– α
∂ξ
∂ξ

*

D = L c  L*

L =∞
*

L =L c

*

L =∞

– α Lc + S

*

L =L c
*

L =∞

+

*

ƒ D, L * dD dL *

D =0

L =L c

D = L c  L*
D =0

∂
ƒ D, L * dD dL *
∂ξ

∂ Lc
ƒ Lc * , L * dL * – ∂Lc
∂ξ  L*
∂ξ
L

(C.7)
D =L c  Lc
D =0

ƒ D, Lc dD

The partial derivative of the fifth term is given by:
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∂➄
∂ξ

L * = Lc

∂B

= 1–α

∂ξ

L* = 0

+ 1–α B ·
–

D = Lc

L * = Lc
L* = 0

L * = Lc

D=∞

∂

ƒ D, L * dD dL *
 L*

D=∞
D = Lc

Lc

∂
 L*

ƒ

∂ξ

*

ƒ D, L * dD dL *

Lc

∂ξ  L
L
B = r L – rd D – ϕ L, D, D+ E –L
L* = 0

23

*

, L * dL * +

∂Lc
∂ξ

(C.8)

D=∞
D = Lc  L
c

ƒ D, Lc dD

The first-order optimality conditions (C.4) – (C.8) form a non-linear equation system involving two-dimensional integrals for loans, deposits and equity. However, if we restrict the
total balances of our bank to be one, either deposits or equity can be eliminated further. The remaining equation system is not tractable analytically. Although our model is simple, only a numerical sensitivity analysis can unveil the optimal equity-to-debt ratio. Moreover, any comparative static analysis seems to be impossible.
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Appendix D: Numerical Quadrature in Two Dimensions
In this appendix, we describe the key operation of the numerical sensitivity analysis,
namely, how to integrate the objective function (2.7). We suggest to apply the trapezoidal rule
as described by Waldvogel [1988]. In the case of an analytic integrand, this operation is computationally much more efficient than the ROMBERG integration algorithm which is highly recommended by Press et al. [1989, section 4.3]. The use of the trapezoidal rule for analytic integrands has been suggested earlier by several authors, see e. g. Schwartz [1969] or Iri et al.
[1970], but the method entered the textbooks only recently, see e. g. Schwarz [1986]. For instance, Waldvogel’s algorithm achieves machine precision for the probability integrals over the
whole range of definition for the univariate normal density function and the univariate non-central chi-square density function, whereas the ROMBERG algorithm fails.
The numerical quadrature algorithm considers three standard types of ranges of integration, namely 1 ≡ (– ∞, + ∞) × (– ∞, + ∞), 2 ≡ (0, + ∞) × (0, + ∞) and 3 ≡ (– 1, + 1) × (–
1, + 1). Of course, any integral with a rectangular range of integration can be either transformed
into an integral with one of these three ranges by means of a linear transformation or represented as a combination of the three standard types. Suppose that the integral := ∫ ∫t ∈ ƒ(t) dt exists and that ƒ(t) → 0 as t → ± ∞ if the limits of integration are infinite. Integrable singularities
can be treated at the limits of integration in the case of the single-infinite range = 2 or the
finite range = 3. Each of the three types of integrals is transformed into an improper integral
with both limits unbounded, that is
x0 = + ∞

:=

x n+ 2, yn+ 2 ∈

ƒ x n+ 2, yn+ 2 dyn+ 2 dxn+ 2 =

x 0 = –∞

y0 = + ∞

dx 0

y 0 = –∞

ƒ x 0, y0 px py dy0.

(D.1)

This is exactly the reverse strategy of what is usually done, see e. g. Press et al. [1989]. The
transformation of variables in the above equation consists of n optional transformations with the
sinh-function, one rotation of the axes, and one compulsory transformation with a particular
function which is suited for each of the three ranges of integration:

xj = sinh(xj – 1)
yj = sinh(yj – 1) ,
(j = 1, …, n)

x n+ 1 = cos(ϕ ) xn – sin(ϕ ) yn
,
y n+ 1 = sin(ϕ ) xn + cos(ϕ ) yn

In the case of the first type of integral with range

x n+ 2
y n+ 2 =

=

x n+ 1
y n+ 1

if

=

1

exp x n+ 1
exp y n+ 1

if

=

2

tanh x n+ 1
tanh y n+ 1

if

=

3

,
,

(D.2)

.

, the compulsory transformation is, of
course, just the identity transformation because the original integral is already improper. Since
the bivariate lognormal probability density function stretches along the 45° line for high coeffi1
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cients of correlation in absolute value, the angle of rotation, ϕ, may be chosen to be ±45° for | ρ
| ≥ 0.5, say. The absolute value of the Wronsky determinant is equal to px py. The term px may
be written as
n– 1

∏ cosh x

j

if

=

1

,

if

=

2

if

=

3

j=0

n– 1

px =

e

xn+ 1

∏ cosh x

j

,

(D.3)

j=0

1
2
cosh x n+ 1

n– 1

∏ cosh x

j

.

j=0

Replace x with y to get py. The integrals of the objective function (2.7) are now evaluated by
means of the simplest quadrature scheme, that is, the trapezoidal rule. Given a choice of initial
step sizes h = (hx, hy), the function values, which are evaluated at equally spaced abscissas, are
summed in both the positive and negative directions of integration. Given a center of integration
c = (cx, cy) as the starting point, the summation is stopped as soon as the partial sum does not
change any more:
T(h) = hx hy S(h), S(h) ≡

g(·) < ε

g(·) < ε

xi = cx ± i hx

yj = cy ± j hy

∑

∑

g x i, yj , g(·) ≡ ƒ(·) px(·) py(·),

(D.4)

where ε = 1.0·10– 19 is the machine tolerance (of the Apple Macintosh personal computer).
Next, the step sizes are cut in half and the new center of integration is equal to the old center
shifted by the new step sizes. Then the summation is repeated in all directions as in the equation
(D.4). Next, the step sizes are cut in half again, the summation is continued, and so forth. The
repeated reduction of the step sizes is stopped when | T(h) – T(h/2) | < √ε. Then, T(h/2) has
accuracy ε. The convergence of the trapezoidal value to the integral is given by T(h) – =
⺟(e– γ / h) with γ a positive constant, given an analytic function g(·).
For our numerical sensitivity analysis, we used one sinh-transformation. Numerical experiments show that the trapezoidal rule is generally quite efficient if the decay of the integrand
g(x0, y0) as (x0, y0) → ± ∞ is doubly exponential (see Takahashi and Mori [1974]).
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